This article investigates the full Boltzmann equation up to second order in the cosmological perturbations. Describing the distribution of polarized radiation by using a tensor valued distribution function, the second order Boltzmann equation, including polarization, is derived without relying on the Stokes parameters.
Introduction
The properties of the cosmic microwave background (CMB) temperature fluctuations depend on both the initial conditions set at the end of the primordial inflationary era, and on their post-inflationary evolution. We describe radiation using the kinetic theory, in which its properties are encoded in a distribution function. The theory of cosmological perturbations around a maximally symmetric space-time enables to solve order by order the evolution equation for the CMB anisotropies. The linear perturbations fail to capture the intrinsic non-linear features of General Relativity which can enter both the initial conditions and the evolution, and we thus need at least the second order if we want to estimate the bispectrum in the CMB and better reveal the physics of the primordial universe. Indeed, the bispectrum can only be generated either from non-Gaussian initial conditions set by inflation or by secondary effects during the subsequent evolution, and though standard scalar field slow-roll inflation predicts negligible amounts of non-Gaussianity [1] , the latest observations of the CMB [2, 3] indicate that there might be a non-vanishing bispectrum. We thus need to extend the program followed at first order in perturbations up to second order, that is to build a full set of second order gauge invariant perturbation variables and derive the perturbed Boltzmann and Einstein equations which determine their dynamics. In the fluid limit, the gauge issue was studied in Ref. [4] and gauge invariant variables were built in Refs. [5, 6] up to second order in perturbations. This fluid approximation has already been used to understand the general form of the bispectrum on small scales generated by evolutionary effects in Ref. [7] . As for the kinetic theory, the gauge issue was studied in our previous paper [8] , and the evolution equations through free-streaming and Compton collision with free electrons were derived up to second order in Refs. [9, 10, 11, 12] , but it is so far restricted to unpolarized radiation, which is inconsistent since Compton scattering does generate polarization. This letter summarizes the full second order derivation of the radiation transfer, including polarization, detailed in Ref. [13] .
Kinetic theory with polarization
Describing polarized radiation The momentum of photons is usually decomposed on an orthonormal basis, that is using a tetrad field defined by e a .e b ≡ e 
which projects on the space both orthogonal to e o and to the direction n. The radiation is represented by a Hermitian tensor valued distribution function also called polarization tensor [14, 15] 
, has four degrees of freedom which can be split according to
where ǫ µνσ ≡ e ρ o ǫ ρµνσ , with ǫ ρµνσ the space-time fully antisymmetric tensor, and where we have omitted for simplicity of notation the dependence in p a . P µν , which encodes the degree of linear polarization, is real, symmetric and trace free, as well as orthogonal to e o and n. It has two degrees of freedom, usually described by the Stokes functions Q and U . I and V are respectively the intensity (or distribution function) for both polarizations and the circular polarization. The brightness is then defined as
and we can define similarly V and P µν . The remaining dependence in n, can be further expanded in multipoles using projected symmetric tracefree (PSTF) tensors, where projected means that they are orthogonal to e o . For instance, using the notation
where the I i ℓ ≡ I i1...i ℓ are PSTF, and where conventionally, the lowest multipole, i.e. corresponding to ℓ = 0, is noted I ∅ . A similar expansion can be performed on V. As for P ab ≡ P µν e µ a e ν b , its non vanishing components can be expanded in electric and magnetic type multipoles according to [14, 15] 
(5) where the notation TT denotes the transverse (to n) symmetric trace-free part. We have used (..) for the symmetrization of indices, and we will also use [..] for the antisymmetrization. 
Thus, the magnitude and the direction unit vector of the photon momentum transform to
This implies that
Since the screen-projected polarization tensor transforms tof
then it can be checked from the decomposition (2) and the transformation rules (7) that I and V transform as scalars, that isĨ(põ,ñã) = I(p o , n a ),Ṽ (põ,ñã) = V (p o , n a ), and that P µν transforms as f µν . The differential solid angle of the momentum direction transforms according to dΩ = [γ(1 − v.n)] −2 dΩ, and thus the transformation rules of the energy integrated multipoles of the brightness can be deduced to be given bỹ
where ∆ ℓ ≡ (4πℓ!)/[(2ℓ + 1)!!] and . . . is the notation for the symmetric trace-free part. The transformation rules of the electric and magnetic multipoles are detailed in Refs. [13, 15] .
The Boltzmann equation The evolution of the polarization tensor is dictated by the Boltzmann equation
where L[] is the Liouville operator and C ab the collision tensor. It can be shown that the Liouville operator preserves the decomposition of f µν in an antisymmetric part (V ), a trace (I) and a symmetric traceless part (P µν ), that is
Cosmological perturbations
Perturbation of the metric We assume that, at lowest order, the universe is well described by a FriedmannLemaître space-time (FL) with Euclidian spatial sections. The most general form of the metric for an almost FL universe is
where η is the conformal time for which the corresponding index is O, and a(η) is the scale factor. We define the Hubble parameter by H ≡ a ′ /a where a prime denotes a derivative w.r.t. η. We work in the Poisson gauge though, as already mentioned, a complete treatment of perturbations can be performed by defining gauge-invariant variables [6, 8] , and we perform a scalar-vector-tensor decomposition in ω I = ∂ I B + B I , , and if a quantity has also a background value it is notedW . First-order variables are solutions of firstorder equations, whereas second-order equations will involve purely second-order terms, e.g. W (2) and terms quadratic in the first-order variables, e.g. [W (1) ] 2 for which we will omit the order superscript. We neglect the first order vector modes (B I
(1) = 0) which decay and the first order tensor modes (H (1) IJ = 0) which are expected to be very small in standard models of inflation.
Perturbations of tetrads and Ricci rotation coefficients
The perturbed tetrad can be expressed in function of the background tetrad in the generic form by e (n)
by the normalization conditions of the tetrad and is thus expressed in function of the metric perturbations. We are free to choose the antisymmetric part R [ab] , since it corresponds to the Lorentz transformation freedom (boost and rotation). We require e o ∼ dη [16] , which is equivalent to choose R (n) io = S (n) io = 0 for any n. We also fix the rotation by requiring R (n)
[ij] = S (n)
[ij] = 0. This procedure means that our tetrad is adapted to observers whose velocity is always orthogonal to constant time hypersurfaces. We then choose a background tetrad adapted to our coordinates, i.e.ē 
The perturbed Liouville operator
In practice, we want to express the Boltzmann equation in function of η, since we want to perform an integration on coordinates. We should thus multiply Eq. (10) by ds/dη = 1/p O . However, there is no point multiplying with the full expression of ds/dη since it would then bring metric perturbations in the collision tensor. Instead, we multiply only by (ds/dη) 
where X stands for either I, V or P ab . A similar decomposition is performed for the collision term. Since L # (2) [] contains the terms linear in purely second order variables, it has the same functional form as L # (1) [], and consequently we only need the expressions of L # (2) [] and L #(1) (1) [] to report the Boltzmann equation up to second order in perturbations.
We first need the perturbation of the trajectory at first order which is dx
. Then, from the perturbations of the Ricci rotation coefficients (12), we deduce the perturbations of the geodesic equation which are given by dp a ds
This is used to obtain the second order evolution equation for the energy and the first order evolution equation for the direction (the lensing equation) which read dp
This is all what is required to obtain from Eq. (10) the second order Liouville operator for
−4δ
where it is implied that for X = P ab , according to Eqs. (10) and (11), this expression also needs to be screen projected. The notation δ I X has also been introduced in terms involvingX to remind that, due to the symmetries of the background space-time, there is no circular or linear polarization at the background level.
The collision term
Electrons without bulk velocity We consider the case where the free electrons have only a bulk velocity and no thermal dispersion in their velocity distribution. Since all electrons have the same velocity, we choose to align the first vector of the tetrad e o with this bulk velocity, that is to work in the baryons rest frame. In that case, we can neglect the terms arising from the recoil of electrons, since they will be of order T r /m e ∼ 10 −6 around recombination, where T r is the temperature of radiation, and consequently they do not contribute to the bispectrum. The Thomson approximation is thus sufficient and, in this case, the collision tensor is known and reads [15, 17] 
where τ ′ = an e σ T , with n e the electrons number density, and σ T the Thomson cross section. Explicitly, for the energy integrated collision term we obtain
We clearly see on this expression that the circular polarization is not excited and thus remains null if so initially. This explains why we did not bother reporting the corresponding part of the Liouville operator, and from now on we neglect it. Now, if the electrons have a thermal velocity, which is in fact the case, the previous expressions has corrections of order T e /m e ≃ T r /m e where T e is the temperature of electrons, but as for the recoil term, we can discard them as they will not contribute to the bispectrum.
Electrons with bulk velocity If the distribution of electrons has a bulk velocity relative to the cosmological frame, then we just need to transform the result obtained in the baryons rest frame to the cosmological frame, using the transformation rules (6) (8) and (9) and remembering that the energy integration is done according to Eq. (3). Keeping only the terms which can contribute eventually to the second order expansion, we obtain
This expression agrees with the results obtained for the unpolarized case [9, 10, 11, 12] (see details in Ref. [13] ). The perturbative expansion of the form (13) can then be easily read. The expression of the collision tensor together with the Liouville operator obtained in Eqs. (17) and (18) are our key results. It is then possible to shift to Fourier space and expand the Liouville operator and the collision tensor either in PSTF multipoles, or in normal modes components [18] which are better suited for numerical integration. Details of these extractions can be found in Ref. [13] . Hence it offers, in principle, the possibility to integrate numerically the Boltzmann hierarchy up to second order, though it is expected to be very time consuming, and approximate schemes should be developed in order to focus on the dominant effects.
Computing the effects of non-linear evolution has now become extremely important since it has been recently claimed that a non-zero non-Gaussianity in the CMB had been detected [19] . Since the precision of the CMB measurements is going to increase significantly in the forthcoming missions, disentangling the primordial nonGaussianity, which delivers valuable information on the primordial universe, from the subsequent non-linear effects is a necessary task in order to constrain better from inflation our theories of high energy physics.
